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POSITIVE DESCH–SCHAPPACHER PERTURBATIONS OF BI-CONTINUOUS
SEMIGROUPS
CHRISTIAN BUDDE
Abstract. In this paper we consider positive Desch–Schappacher perturbations of bi-continuous
semigroups on AM-spaces with an additional property concerning the additional locally convex
topology. As an example we discuss perturbations of the left-translation semigroup on the space
of bounded continuous function on the real line.
Introduction
Dynamical processes occuring, e.g., in population models, quantum mechanics or the financial
world, are frequently expressed by a particular class of partial differential equations, the so-called
evolution equations. A general operator theoretical method for dealing with those equations is the
one using abstract Cauchy problems on a Banach space X , i.e., one rewrites the partial differential
equation as follows
(ACP)
{
u˙(t) = Au(t), t ≥ 0,
u(0) = x ∈ X,
for some (unbounded) linear operator (A,D(A)) on X . This approach was worked out in detail
by several authors, e.g., Engel and Nagel [17], Pazy [32] and Goldstein [22], just to mention a
few. Classical solutions of (ACP) in the sense of [17, Chapter II, Def. 6.1], if they exist, can be
represented by strongly continuous one-parameter semigroups of linear operators on X , or C0-
semigroups for short. By the Hille–Yosida theorem [17, Chapter II, Thm. 3.8] one has a solution
if and only if (A,D(A)) is the generator of such an operator semigroup. However, this theorem
consists of technical conditions which are difficult to verify for a concrete operator. In some cases
it is possible to write the given operator (A,D(A)) as a sum of simpler operators and this is
where perturbation theory enters the area of evolution equations. The general question is: given
a generator (A,D(A)) and another linear operator (B,D(B)), under which conditions does the
operator A +B generates a semigroup? That a unified approach is difficult is in part due to the
fact that the sum of closed operators need not to be closed in general. However, there are results
showing that under certain conditions the sum of two closed operators is closed, cf. [14, 29].
Perturbations results for C0-semigroups also arouse a great deal of interest in this context, cf.
[4, 13, 1, 3, 38].
When talking about one-parameter semigroups of linear operators on Banach spaces, mostly C0-
semigroups come to mind. Nevertheless, there are operator semigroups which are not strongly
continuous with respect to the norm on the Banach space but with respect to some weaker ad-
ditional locally convex topology on X . Such operator semigroups are motivated for example by
semigroups induced by flows, the Ornstein–Uhlenbeck semigroup, adjoint semigroups or Markov
processes, just to mention a few (see for example [15, 12, 37, 27] or [25, Chapter 3]). The concept
behind all these examples yields so-called bi-continuous semigroups, which were introduced by
F. Kühnemund [25, 26]. The idea is to equip the underlying Banach space with an additional
locally convex topology τ according to some requirements on the interaction with the norm topol-
ogy. Perturbation theory of such semigroups was developed by B. Farkas [19, 21, 20] and more
recently by B. Farkas and the author [7, 9, 10]. That one takes also positivity of the semigroup into
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account is for example motivated by real-life applications where most of the quantities one works
with have to be positive in order to make sense in the specific context, e.g., total temperature or
density. A first perturbation result for positive bi-continuous semigroups has recently been proved
by the author [8] by means of positive Miyadera–Voigt perturbations, whereas the general notion
of positivity in combination with bi-continuous semigroups makes its first appearance in [18].
In this paper we discuss positive Desch–Schappacher perturbations of bi-continuous semigroups.
This perturbation type for bi-continuous semigroups was discussed by the author and B. Farkas
in [10]. However, positivity in the context of bi-continuous Desch–Schappacher perturbation was
not considered yet. As main reference serves the work of A. Batkái, B. Jacob, J. Wintermayr
and J. Voigt [5] on positive Desch–Schappacher perturbations of strongly continuous operator
semigroups. Nevertheless, the techniques used in this paper differ from [5]. Firstly, one has
to take the additional locally convex topology into account. Secondly, the construction of the
extrapolation spaces for bi-continuous semigroups, which are essential for Desch–Schappacher type
perturbations, is significantly more complicated than in the case of strongly continuous semigroups
[9]. Last but not least, one can cover a spectrum of applications beyond the C0-semigroup setting.
For example, bi-continuous semigroups become important if one consideres operator semigroups on
L∞-spaces, since by the work of H. Lotz [28], every strongly continuous semigroup on a L∞-space
directly becomes uniformly continuous. Moreover, bi-continuous semigroups become important
on the space Cb(R) of bounded continuous functions on the real line since operator semigroups
associated to Markov processes normally do not leave the space C0(R) invariant, cf. [27, Sect. 5.2
& 5.3]. This accentuate the benefits and interests of positive bi-continuous semigroups and their
perturbations.
The first two sections have a preliminary character. Firstly, we introduce the concept of bi-
continuous semigroups and recall some facts about ordering in Banach spaces. In the second
section we combine extrapolation spaces and positivity. Section 3 consists of the main perturbation
result as well as it proof. In the final section, we consider an explicit example of a perturbation
on Cb(R).
1. Preliminaries
1.1. Bi-continuous semigroups. The theory of bi-continuous semigroups was first introduced
by F. Kühnemund [25, 26]. Kühnemund suggested the following assumptions, which are related
to Saks spaces, cf. [11].
Assumption 1.1. Consider a triple (X, ‖ · ‖, τ) where X is a Banach space, and
1. τ is a locally convex Hausdorff topology coarser than the norm-topology on X , i.e., the identity
map (X, ‖ · ‖)→ (X, τ) is continuous;
2. τ is sequentially complete on the ‖·‖-closed unit ball, i.e., every ‖·‖-bounded τ -Cauchy sequence
is τ -convergent;
3. The dual space of (X, τ) is norming for X , i.e.,
(1.1) ‖x‖ = sup
ϕ∈(X,τ)′
‖ϕ‖≤1
|ϕ(x)|, x ∈ X.
Remark 1.2. (a) Every locally convex topology τ yields a family of continuous seminorms P
and vice versa, cf. [35, Chapter II, Sect. 4] or [34, Thm. 1.36 & 1.37]. In particular, if we
want to make explicit calculations within the framework of locally convex topologies, we use
the corresponding seminorms.
(b) The space Cb(R) of bounded continuous functions on R equipped with the compact-open
topology is the typical example satisfying the previous assumptions.
(c) The space L (E) of bounded linear operators on a Banach space E together with the strong
operator topology satisfies Assumption 1.1.
(d) Likewise, the essential bounded functions L∞(R) with the weak∗-topology, as it is the dual
space of L1(R), belongs to the list of examples in this context.
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(e) More general, the dual space X ′ of a Banach space X equipped with the weak∗-topology
satisfies Assumption 1.1. For more details and examples we refer to [7, Chapter 1].
Now we introduce bi-continuous semigroups as it was done by Kühnemund.
Definition 1.3. Let X be a Banach space with norm ‖ ·‖ together with a locally convex topology
τ such that the conditions in Assumption 1.1 are satisfied. We call (T (t))t≥0 a τ-bi-continuous
semigroup if
1. T (t+ s) = T (t)T (s) and T (0) = I for all s, t ≥ 0,
2. (T (t))t≥0 is strongly τ -continuous, i.e. the map ϕx : [0,∞)→ (X, τ) defined by ϕx(t) = T (t)x
is continuous for every x ∈ X ,
3. (T (t))t≥0 has type (M,ω) for some M ≥ 1 and ω ∈ R, i.e., ‖T (t)‖ ≤Me
ωt for all t ≥ 0,
4. (T (t))t≥0 is locally-bi-equicontinuous, i.e., if (xn)n∈N is a norm-bounded sequence in X which
is τ -convergent to 0, then also (T (s)xn)n∈N is τ -convergent to 0 uniformly for s ∈ [0, t0] for
each fixed t0 ≥ 0.
Similar to the case of C0-semigroups, one defines the generator of a bi-continuous semigroup as
follow.
Definition 1.4. Let (T (t))t≥0 be a τ -bi-continuous semigroup onX . The (infinitesimal) generator
of (T (t))t≥0 is the linear operator (A,D(A)) defined by
Ax := τ lim
t→0
T (t)x− x
t
with domain
D(A) :=
{
x ∈ X : τ lim
t→0
T (t)x− x
t
exists and sup
t∈(0,1]
‖T (t)x− x‖
t
<∞
}
.
As a matter of fact, the generator of a bi-continuous semigroup behaves almost like a C0-semigroup
generator. Since we do not need all of the properties here, we refer for more details to [25, Prop. 1.16
& Prop. 1.18]. Furthermore, there exists a Hille–Yosida generation type theorem for bi-continuous
semigroups [26, Thm. 16].
1.2. Ordered topological vector spaces. We now recall some basic definitions of ordered topo-
logical vector spaces and operators acting on such spaces, see [36] or [23] for further background
material. First of all, we recall the notion of vector and Banach lattices. Notice that for our
purpose only real vector spaces are of interest.
Definition 1.5. A vector lattice or Riesz space is a vector space V equipped with a partial order
≤ such that for each x, y, z ∈ V :
(a) x ≤ y ⇒ x+ z ≤ y + z.
(b) x ≤ y ⇒ αx ≤ αy for all scalars α ≥ 0.
(c) For any pair x, y ∈ V there exists a supremum, denoted by x ∨ y, and an infimum, denoted
by x ∧ y, in V with respect to the partial order ≤.
An element x ∈ V is called positive if x ≥ 0. The set of all positive elements of V is denoted by
V+. Furthermore, the absolute value of an element x ∈ X is defined by |x| := x ∨ (−x).
Definition 1.6. A Banach lattice is a Banach space (X, ‖·‖) which is a Riesz space with respect
to a partial order such that for all x, y ∈ X : |x| ≤ |y| ⇒ ‖x‖ ≤ ‖y‖.
The following definition also incorporates the locally convex topology τ which belongs into the
framework of bi-continuous semigroups.
Definition 1.7. Let X be a Banach lattice with partial order ≤. Moreover, suppose that τ is a
locally convex topology satisfying Assumption 1.1 and is generated by a family of seminorms P.
We say that τ is compatible (with the Banach lattice structure) if for all p ∈ P and all x, y ∈ X
one has that p (|x|) ≤ p (|y|) whenever |x| ≤ |y|.
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Now we take also linear operators on such lattices into consideration. Let X be a Banach lattice
with partial order ≤ and T : X → X a bounded linear operator. Then T is called positive, denoted
by T ≥ 0, if Tx ≥ 0 for each x ∈ X+. A semigroup of bounded linear operators (T (t))t≥0 on such
a Banach lattice is called positive if T (t) ≥ 0 for each t ≥ 0.
In order to make sense of the following notion, recall that for a linear operator (A,D(A)) on a real
Banach space X the resolvent set ρ(A) consists of λ ∈ CC such that λ−A is invertible on the com-
plexification XC of X defined by XC = X⊗RC, i.e., there exists a bounded operator B with range
equal to D(A) such that (λ−A)Bx = x for each x ∈ XC and B(λ−A)x = x for each x ∈ D(A). The
complement of ρ(A), is called the spectrum and is denoted by σ(A) := C\ρ(A). The so-called spec-
tral radius of an operator (A,D(A)) is defined by r(A) := sup {|λ| : λ ∈ σ(A)}. Also, recall that
the spectral bound s(A) of an operator (A,D(A)) is defined by s(A) := sup {Re(λ) : λ ∈ σ(A)}.
The inverse of λ−A, called the resolvent, is often denoted by R(λ,A) := (λ−A)−1. If (A,D(A)) is
the generator of a bi-continuous semigroup (T (t))t≥0, then it was shown that the resolvent can be
expressed as a Laplace transform, cf. [26, Sect. 1.2] or [19, Thm. 1.2.7]. To be exact, for λ ∈ ρ(A)
one has
R(λ,A)x =
∫ ∞
0
e−λtT (t)x dt,
for all x ∈ X , where the integral is a τ -improper integral. The following definition related to the
connection between positivity and unbounded operators was suggested by W. Arendt [2].
Definition 1.8. A linear operator (A,D(A)) on a Banach lattice X is called resolvent positive if
there exists ω ∈ R such that (ω,∞) ⊆ ρ(A) and such that R(λ,A) ≥ 0 for each λ > ω.
By [2, Cor. 2.3] a C0-semigroups on a Banach lattice is positive if and only if the corresponding
generator (A,D(A)) is resolvent positive. The same result holds true for the case of bi-continuous
semigroups, cf. [19, Thm. 1.4.1].
2. Extrapolation spaces and positivity
We first recall some results concerning extrapolation spaces for bi-continuous semigroups from [9]
and [10]. Throughout this section we assume without loss of generality that 0 ∈ ρ(A). One of the
most important ingredient for the construction of extrapolation spaces is the following proposition.
Proposition 2.1. Let (T (t))t≥0 be a bi-continuous semigroup on X with generator (A,D(A)).
The subspace X0 := D(A)
‖·‖
⊆ X is (T (t))t≥0-invariant and (T (t))t≥0 := (T (t)|X
0
)t≥0 is the
C0-semigroup on X0 generated by the part of A in X0 (this generator is denoted by A0).
This construction, elementary properties and examples can be found in [17, Chapter II, Sect. 5a],
[31] or [30]. Recall from [17, Chapter II, Def. 5.4] that one obtains X−1 as the completion of X0
with respect to the ‖·‖−1-norm defined by
‖x‖−1 :=
∥∥A−10 x∥∥ , for x ∈ X0.
Notice that X0 is dense in X−1 and that (T (t))t≥0 extends by continuity to a C0-semigroup
(T−1(t))t≥0 on X−1 with generator (A−1,D(A−1)), where D(A−1) = X0. By repeating this
construction one obtains the following chain of spaces
X0
A
−1
→֒ X−1
A
−2
→֒ X−2 → · · ·
where all inclusions are continuous and dense. Moreover, we have
X0 →֒ X →֒ X−1,
see [9], so that we can identify X , by the continuity of the inclusions, as a subspace of X−1. We
define the extrapolation space X−1 for the bi-continuous semigroup (T (t))t≥0 by
X−1 := A−2(X).
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The norm on X−1 is defined by ‖x‖−1 := ‖A
−1
−2x‖, the locally convex topology τ−1 on X−1 comes
from the family of seminorms P−1 := {p−1 : p ∈ P} where
p−1(x) := p(A
−1
−2x), p ∈ P, x ∈ X.
It was shown in [9] that (T (t))t≥0 extends to a τ−1-bi-continuous semigroup (T−1(t))t≥0 on X−1
and has a generator A−1 with domain D(A−1) = X . The operator A−1 : X → X−1 is an
isomorphism intertwining the semigroups (T (t))t≥0 and (T−1(t))t≥0.
Now we introduce a lattice structure to extrapolation spaces. As the lattice structure of X is not
naturally hereditable to the extrapolation spaces one needs a new concept. For C0-semigroups,
this was introduced by Batkai et al. [5, Def. 2.1] and [39, Def. 2.1]. We mimic this definition in
order to derive a good notion in the context of bi-continuous semigroups.
Definition 2.2. Let (X, ‖·‖) be a Banach lattice. Let X−1 be the extrapolation space correspond-
ing to the positive bi-continuous semigroup (T (t))t≥0. We say that x ∈ X−1 is positive, if there
exists a sequence (xn)n∈N in X+ such that (xn)n∈N is ‖·‖−1-bounded and xn
τ−1
→ x. By X−1,+ we
denote all positive elements of X−1.
In what follows we want to show that X−1,+ is in fact a positive cone. However, one has to assume
that τ is compatible in the sense of Definition 1.7.
Proposition 2.3. Let (X, ‖·‖) be a Banach lattice and τ a compatible locally convex topology and
let (T (t))t≥0 be a positive bi-continuous semigroup on X with generator (A,D(A)). The set X−1,+
is a bi-closed convex cone in X−1 satisfying X+ = X−1,+ ∩X.
Proof. We start by proving that X−1,+ is a cone in X−1. For this let x, y ∈ X−1,+ meaning
that there exist (xn)n∈N and (yn)n∈N in X+ such that both sequences are ‖·‖−1-bounded, i.e.,
supn∈N
{
‖xn‖−1 , ‖yn‖−1
}
< ∞, and xn
τ−1
→ x and yn
τ−1
→ y. By the triangle inequality, the
sequence (xn+ yn)n∈N is still ‖·‖−1-bounded and moreover xn+ yn
τ−1
→ x+ y showing that x+ y ∈
X−1,+. This means that X−1,+ +X−1,+ ⊆ X−1,+. In order to show that also αX−1,+ ⊆ X−1,+
holds for α ≥ 0, we use the homogenity of the norm and the seminorms and hence we skip the proof
here. To conclude that X−1,+ is actually a cone, we have to show that X−1,+ ∩ (−X−1,+) = {0}.
To do so, assume that x ∈ X−1,+ and −x ∈ X−1,+. By definition, there exist sequences (xn)n∈N
and (yn)n∈N in X+ such that supn∈N
{
‖xn‖−1 , ‖yn‖−1
}
< ∞ and xn
τ−1
→ x and yn
τ−1
→ −x.
Obviously, we have 0 ≤ xn ≤ xn + yn for all n ∈ N and therefore for λ ∈ ρ(A) one gets 0 ≤
R(λ,A)xn ≤ R(λ,A)(xn + yn) for all n ∈ N due to the fact that (A,D(A)) is the generator of a
positive bi-continuous semigroup, cf. [19, Thm. 1.4.1]. Whence by the compatibility of τ one gets
p−1(xn) = p(R(λ,A)xn) ≤ p(R(λ,A)(xn + yn)) = p−1(xn + yn)→ 0 (n→∞).
From this we conclude that xn
τ−1
→ 0 and since τ is a Hausdorff topology and hence all limits
are unique, we conclude that x = 0, showing that X−1,+ ∪ (−X−1,+) = {0}. In the next part
of this proof we show that X−1,+ is bi-closed in X−1. For that let (xn)n∈N be a ‖·‖−1-bounded
sequence in X−1,+ such that xn
τ−1
→ x. By definition, for each n ∈ N there exists a ‖·‖−1-bounded
sequence (x
(n)
k )k∈N in X+ with x
(n)
k
τ−1
→ xn for k → ∞. Let ε > 0 and p ∈ P−1 be arbitary.
Find N = Nε,p ∈ N such that p(x − xN ) <
ε
2 . In addition, determine K = Kε,p,N ∈ N such that
p(xN − x
(N)
k ) <
ε
2 for all k ≥ K. Then
p(x− xN,k) ≤ p(x− xN ) + p(xN − x
(N)
k ) <
ε
2
+
ε
2
= ε,
for all k ≥ K. Since p ∈ P−1 and ε > 0 were chosen arbitrary, we conclude that the sequence
(x
(N)
k )k∈N is ‖·‖−1-bounded such that x
(N)
k
τ−1
→ x meaning that x ∈ X−1,+. Last but not least we
show that the equality X+ = X−1,+ ∩ X holds. The inclusion X+ ⊆ X−1,+ ∩ X is obvious by
definition, so we only have to show that the reverse inclusion holds. To do so, let x ∈ X−1,+ ∩X ,
i.e., there exists a ‖·‖−1-bounded sequence (xn)n∈N in X+ such that xn
τ−1
→ x. For λ ∈ ρ(A) we
obtain by definition of the seminorms in P−1 that p(R(λ,A)xn−R(λ,A)x)→ 0 for n→∞. Since
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R(λ,A)xn ≥ 0 for each n ∈ N and supn∈N ‖R(λ,A)xn‖ <∞ we conclude by the bi-closedness that
R(λ,A)x ≥ 0. Since by [25, Prop. 1.19(a)] also holds that λR(λ,A)x → x with respect to τ for
λ→∞ we conclude that x ∈ X+. 
3. Positive Desch–Schappacher Perturbations
In this section we present and prove the main result of this paper, which is the following theorem.
Theorem 3.1. Let (X, ‖·‖ , τ) be a bi-AM-space and (T (t))t≥0 a positive bi-continuous semigroup
on X with generator (A,D(A)). Let B : X → X−1 be a positive operator such that B : (X, τ) →
(X, τ−1) is linear and continuous. Suppose that there exists λ ∈ ρ(A) such that R(λ,A−1)B is local
and r (R(λ,A−1)B) < 1. Then (A−1+B)|X is the generator of a positive bi-continuous semigroup
(S(t))t≥0.
We prove Theorem 3.1 later on in this section. First, we derive some preliminary results, starting
with the following in the style of [5, Lemma 4.3].
Lemma 3.2. Let (X, ‖·‖) be a Banach space with ordering ≤ and an additional locally convex
topology τ . Let X−1 be the extrapolation space for the positive bi-continuous semigroup (T (t))t≥0
on X. Let B ∈ L (X,X−1) such that B : (X, τ) → (X−1, τ−1) is continuous and positive. Then
for all t0 > 0 we have:
(i) (T−1(t))t≥0 is positive on X−1.
(ii) For each step function u ∈ L∞ ([0, t0] , X) we have∫ t0
0
T−1(s)Bu(s) ds ∈ X.
(iii) For all x ∈ X+ one has ∫ t0
0
T−1(s)Bx ds ∈ X+.
(iv) If (T (t))t≥0 is exponential stable, then∫ t0
0
T−1(s)Bx ds ≤
∫ ∞
0
T−1(s)Bx ds
in X for all x ∈ X+.
Proof. (i) Fix t ≥ 0 and let x ∈ X−1,+. Then there exists a ‖·‖−1-bounded sequence (xn)n∈N
such that xn
τ−1
→ x or in other words xn − x → 0. Since (T−1(t))t≥0 is bi-continuous and
hence by definition locally bi-equicontinuous we may conclude that T−1(t)(xn − x)
τ−1
→ 0.
Since T−1(t)xn = T (t)xn ∈ X+ for each n ∈ N we conclude that (T (t)xn)n∈N is a ‖·‖−1-
bounded sequence such that T (t)xn
τ−1
→ T−1(t)x, showing that T−1x ∈ X−1,+.
(ii) Let u ∈ L∞ ([0, t0] , X) be a step function, i.e., there exists pairwise disjoint intervals
I1, . . . , IN and x1, . . . , xN ∈ X such that
u(t) =
N∑
n=1
xn1In(t), t ∈ [0, t0] ,
where 1Ik , 1 ≤ k ≤ N , denotes the characteristic function of Ik. Since the integral is additive
we just need to show that for an interval In := [tn, tn+1] holds that∫
In
T−1(s)Bu(s) ds =
∫ tn+1
tn
T−1(s)Bu(s) ds ∈ X.
By using substitution we obtain that∫ tn+1
tn
T−1(s)Bu(s) ds =
∫ tn+1−tn
0
T−1(s+ tn)Bu(s) ds = T−1(tn)
∫ tn+1−tn
0
T−1(s)Bu(s) ds.
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Since (T−1(t))t≥0 is bi-continuous onX−1 with generatorA−1 we obtain by [19, Thm. 1.2.7(c)]
that ∫ tn+1−tn
0
T−1(s)Bu(s) ds ∈ D(A−1) = X
Part (iii) and (iv) directly follow from Proposition 2.3.

The following result is the preparation in order to prove our main results Theorem 3.1. In fact, one
needs another requirement on the interaction of the partial order, the norm and the seminorms.
In point of fact, the following definition is related to AM-spaces which are used by Batkai et al.
[5, Rem. 2.5].
Definition 3.3. Let X be a Banach lattice and τ a locally convex topology satisfying Assump-
tion 1.1. Let P be the family of seminorms generating τ . Then X is called a bi-AM-space if
sup {‖x‖ , ‖y‖} = ‖x ∨ y‖ and sup {p(x), p(y)} = p (x ∨ y) for all x, y ∈ X+ and p ∈ P.
The proof of the following proposition is the main work in order to proof Theorem 3.1. This
requires the definition of local operators, cf. [19, Def. 1.2.21].
Definition 3.4. Let T be a norm-bounded operator on a Banach space X . Suppose that P is a
family of seminorms generating the local convex topology τ . We call B local if for all p ∈ P and
ε > 0 there exists K > 0 and q ∈ P such that for all x ∈ X one has
p(Tx) ≤ Kq(x) + ε ‖x‖ .
Proposition 3.5. Let (X, ‖·‖ , τ) be a bi-AM-space, (T (t))t≥0 a positive bi-continuous semigroup
on X with generator (A,D(A)). Let B ∈ L (X,X−1) such that B : (X, τ) → (X−1, τ−1) is
continuous. Suppose that B is positive and that there exists a λ > s(A) such that R(λ,A−1)B
is local and that K := ‖R(λ,A−1)B‖ < 1. Then (A−1 + B)|X is the generator of a positive
bi-continuous semigroup (S(t))t≥0.
To prove Proposition 3.5, we recall the Desch–Schappacher perturbation type theorem for bi-
continuous semigroups [10, Thm. 3.1].
Theorem 3.6. Let (T (t))t≥0 be a τ-bi-continuous semigroup with generator (A,D(A)) on a Ba-
nach space X. Let P be the set of generating continuous seminorms corresponding to τ . Let
B ∈ L (X,X−1) such that B : (X, τ)→ (X−1, τ−1) is continuous, and let t0 > 0 be such that
(a)
t0∫
0
T−1(t0 − r)Bf(r) dr ∈ X for each f ∈ Cb ([0, t0] , (X, τ)).
(b) For every ε > 0 and every p ∈ P there exists q ∈ P and K > 0 such that for all f ∈
Cb ([0, t0] , (X, τ))
p
(∫ t0
0
T−1(t0 − r)Bf(r) dr
)
≤ K · sup
r∈[0,t0]
|q(f(r))| + ε ‖f‖∞ .(3.1)
(c) There exists M ∈ (0, 1) such that for all f ∈ Cb ([0, t0] , (X, τ))∥∥∥∥∥∥
t0∫
0
T−1(t0 − r)Bf(r) dr
∥∥∥∥∥∥ ≤M ‖f‖∞ .(3.2)
Then the operator (A−1 +B)|X defined on the domain
D((A−1 +B)|X) := {x ∈ X : A−1x+Bx ∈ X}
generates a τ-bi-continuous semigroup.
Before we start with the proof of the Proposition 3.5 we have to think about approximations of
continuous functions with values in locally convex spaces as this is needed for the application of
Theorem 3.6. For that recall the following definitions, cf. [33, Def. 2.2(ii) & (iii)].
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Definition 3.7. Let (Ω,Σ, µ) be a measure spaces and (X, τ) a locally convex space with a family
P of seminorms generating τ . We say that f : Ω→ (X, τ) is measurable in seminorms if for each
p ∈ P there exists a sequence (f
(p)
n )n∈N of simple functions such that for µ-almost everywhere
x ∈ Ω holds that
lim
n→∞
p(f (p)n (x)− f(x)) = 0.
Definition 3.8. Let (Ω,Σ, µ) be a measure spaces and (X, τ) a locally convex space with a family
P of seminorms generating τ . We say that f : Ω → (X, τ) is weakly measurable if for each
ϕ ∈ (X, τ)′ the function x→ 〈ϕ, f(x)〉 is measurable.
Remark 3.9. (a) Observe that by [6, Prop. 2.3] the notions of measurability in seminorms and
weak measurability coincide if X is a locally convex Suslin spaces.
(b) If for each p ∈ P there exists a µ-null set Ωp0 ⊆ Ω such that f (Ω \ Ω
p
0) is separable for
p ∈ P, then weakly measurable functions are measurable in seminorms and vice versa, cf.
[33, Thm. 3.1]
(c) Since u : [0, t0]→ (X, τ) is continuous and ϕ ∈ (X, τ)
′ we conclude that 〈ϕ, u(·)〉 is continuous
and hence measurable. Moreover, u ([0, t0]) is separable since [0, t0] is separable.
(d) We conclude that u can be approximated by a ‖·‖-bounded sequence of simple functions in
seminorms.
Proof of Proposition 3.5. First assume that 0 ∈ ρ(A) and that (T (t))t≥0 is exponentially sta-
ble, i.e., there existsM ≥ 1 and ω > 0 such that ‖T (t)‖ ≤Me−ωt for all t ≥ 0 (for more character-
izations we refer to [16, Chapter III, Sect. 2]). Let ε > 0 be arbitrary and u(t) =
∑N
n=1 xn1Ωn(t)
be a ‖·‖-bounded positive step function. Fix t0 > 0 and define
Ru :=
∫ t0
0
T−1(t0 − s)Bu(s) ds.
Obviously, one has that Ru ≥ 0. We define z := supn xn and obtain:
‖Ru‖ =
∥∥∥∥
∫ t0
0
T−1(t0 − s)Bu(s) ds
∥∥∥∥
≤
∥∥∥∥
∫ t0
0
T−1(t0 − s)Bz ds
∥∥∥∥
≤
∥∥∥∥
∫ ∞
0
T−1(t0 − s)Bz ds
∥∥∥∥
=
∥∥A−1−1Bz∥∥ ≤ ∥∥A−1−1B∥∥ · ‖z‖
≤ K ‖z‖ = K
∥∥∥∥sup
n
xn
∥∥∥∥ = K sup
n
‖xn‖
= K ‖u‖∞
For p ∈ P we obtain by using that the operator A−1−1B is local and ε > 0 is arbitrary that there
exists q ∈ P such that
p(Ru) = p
(∫ t0
0
T−1(t0 − s)Bu(s) ds
)
≤ p
(∫ t0
0
T−1(t0 − s)Bz ds
)
≤ p
(∫ ∞
0
T−1(t0 − s)Bz ds
)
= p(A−1−1Bz) ≤Mq(z) + ε ‖z‖
=Mq(z) + ε ‖u‖∞
=Mq(sup
n
xn) + ε ‖u‖∞
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=M · sup
n
q(xn) + ε ‖u‖∞
=M sup
t∈[0,t0]
q(u(t)) + ε ‖u‖∞
We see that the conditions of the Theorem 3.6 are satisfied for positive step functions. If u is now
an arbitrary step function, then u can be splitted in its positive part u+ and its negative part
u−, i.e., u = u+ − u−, and we obtain |Ru| ≤ R |u| meaning that ‖Ru‖ ≤ K ‖u‖∞ and p(Ru) ≤
M supt∈[0,t0] q(u(t)) + ε ‖u‖∞. Now let u ∈ Cb ([0, t0] , (X, τ)) be arbitrary and find for p ∈ P
a sequence (un)n∈N of simple functions approximating u. Since by assumption B is a bounded
linear operator between Banach spaces and in addition a linear and continuous map between locally
convex spaces and (T−1(t))t≥0 is a bi-continuous semigroup we conclude by means of the norming
property of X , i.e., Assumption 1.1(3) that Run → Ru, that
∫ t0
0
T−1(t0 − s)Bu(s) ds = Ru ∈ X
and ∥∥∥∥
∫ t0
0
T−1(t0 − s)Bu(s) ds
∥∥∥∥ ≤ K ‖u‖∞ ,
as well as
p
(∫ t0
0
T−1(t0 − s)Bu(s) ds
)
≤M sup
t∈[0,t0]
q(u(t)) + ε ‖u‖∞ .
This shows that we can apply Theorem 3.6 and conclude that (A−1 + B)|X generates a bi-
continuous semigroup (S(t))t≥0 onX . By recapping the proof of Theorem 3.6 we see that (S(t))t≥0
is actually given by a Dyson–Phillips series, i.e., for all t ≥ 0 one has
S(t) =
∞∑
n=0
Sn(t),
where S0(t) := T (t) and
Sn(t)x =
∫ t
0
T−1(t− s)BSn−1(s)x ds,
for all x ∈ X . From this we conclude the positivity of (S(t))t≥0.
For the general case, we observe that (A,D(A)) generates a positive bi-continuous semigroup
(T (t))t≥0 if and only if (A− λ,D(A)) generates a positive bi-continuous semigroup (e
−λtT (t))t≥0
for λ > s(A). Since λ 7→ ‖R(λ,A−1)B‖ is decreasing as a function on (s(A),∞) we can find λ ∈ R
such that that A − λ is the generator of a positive exponentially stable bi-continuous semigroup
such that ‖R(λ,A−1)B‖ < 1. The first part of the current proof then implies that (A−1−λ+B)|X
generates a positive bi-continuous semigroup on X and we are done. 
Remark 3.10. We observe that the extrapolation spaces of the original semigroup (T (t))t≥0 and
the perturbed semigroup (S(t))t≥0 are the same. To see this, observe that for
λ > max
{
s(A), s (A−1 +B)|X
}
,
and ‖R(λ,A−1)B‖ < 1 one has that
R(λ,A−1 +B) = R(I− R(λ,A−1)B)R(λ,A−1)
and hence
R(λ, (A−1 +B)|X) = R(I− R(λ,A−1)B)R(λ,A).
We are now able to prove our main result.
Proof of Theorem 3.1. Since by assumption r (R(λ,A−1)B) < 1 we obtain that λ ∈ ρ(A−1+B)
and R(λ,A−1+B) ≥ 0, i.e., A−1+B is a resolvent positive operator. In addition, for all s ∈ (0, 1),
one gets that λ ∈ ρ(A−1 + sB) and
R(λ,A−1) ≤ R(λ,A−1 + sB) ≤ R(λ,A−1 +B).
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Now choose n ∈ N such that ‖R(λ,A−1 +B)B‖ < n which means that
∥∥ 1
n
R
(
λ,A−1 +
j
n
B
)
B
∥∥ < 1
for all 1 ≤ j ≤ n. Now we apply Proposition 3.5 to the operators
A,
(
A−1 +
1
n
B
)
|X
, . . . ,
(
A−1 +
n− 1
n
B
)
|X
,
with the perturbation operator 1
n
B and the proof is finished. 
4. Example
Last but not least we will discuss an example where we apply our theory from the previous section.
In particular, we consider the following initial value problem for the partial differential equation
on Cb(R) given by

∂
∂t
w(t, x) =
∂
∂x
w(t, x) +
∫
R
w(t, ξ) dµ(ξ) · χ[1,∞)(x), t ≥ 0, x ∈ R
w(0, x) = u0(x), t ∈ R
(PDE)
where µ is a regular bounded Borel measure in R. To continue, we rewrite (PDE) as an abstract
Cauchy problem on Cb(R). For that reason we consider the space X := Cb(R) with the sup-
norm and the compact-open topology τ = τco as additional locally convex topology. Recall that
τ is generated by a family of seminorms P = Pco = {pK : K ⊆ R compact} where pK(f) :=
supx∈K |f(x)|. As a matter of fact, Cb(R) is a Banach lattice equipped with the ordering defined
by f ≥ g if and only if f(x) ≥ g(x) for all x ∈ R. It is not hard to see that τ is compatible
with the Banach lattice structure of X and that it is a bi-AM-space, too. Let (T (t))t≥0 be the
left-translation semigroup on Cb(R), i.e.,
(T (t)f)(x) := f(x+ t), t ≥ 0, f ∈ Cb(R), x ∈ R,
with generator (A,D(A)) given by A := ddx and D(A) := C
1
b(R). Obviously, (T (t))t≥0 is a positive
operator semigroup. We now consider an operator B which is related to the one in [10, Sect. 4].
For that let g : R→ R be the function defined by
g(x) := χ[1,∞)(x) =
{
0, x ≤ 1,
1, x > 1.
Observe that g ∈ X−1 since g = h−Dh for h : R→ R defined by
h(x) :=
{
ex−1, x ≤ 1,
1, x > 1.
We defined B : X → X−1 by
Bf := Φ(f)g =
∫
R
f dµ · g,
where µ is the bounded regular Borel measure on R from above. Having this, (PDE) can be
rewritten as {
u˙(t) = Au(t) +Bu(t), t ≥ 0
u(0) = u0.
First of all we show that B is a positive operator, i.e., that Bf ≥ 0 whenever f ≥ 0. For that
reason, it suffices to show that there exists a sequence (hn)n∈N of positive elements in Cb(R) such
that hn
τ−1
→ g. Define a sequence (hn)n∈N of positive elements in Cb(R) by
hn(x) :=


0, x ≤ 0,
xn, 0 < x ≤ 1,
1, x > 1.
We continue by determining the expression
(R(λ,A)hn)(x) =
∫ ∞
0
e−thn(x+ t) dt.
POSITIVE DESCH–SCHAPPACHER PERTURBATIONS OF BI-CONTINUOUS SEMIGROUPS 11
To do so, we have to differentiate between three cases. For x ≤ 0 we have∫ ∞
0
e−thn(x + t) dt =
∫ 1−x
−x
e−thn(x+ t) dt+
∫ ∞
1−x
e−t dt = ex (Γ(n+ 1)− Γ(n+ 1, 1)) + ex−1,
for 0 ≤ x ≤ 1 one gets∫ ∞
0
e−thn(x+ t) dt =
∫ 1−x
0
e−t(x+ t)n dt+
∫ ∞
1−x
e−t dt = ex (Γ(n+ 1, x)− Γ(n+ 1, 1)) + ex−1,
whereas for x > 1 ∫ ∞
0
e−thn(x+ t) dt =
∫ ∞
0
e−t dt = 1.
Here Γ(x) denotes the Gamma functions and Γ(a, x) the incomplete Gamma function. As a matter
of fact, by [24, Thm. 3] one has that for n ∈ N and x ≥ 0
Γ(n+ 1, x) = n!e−x
n∑
m=0
xm
m!
.
In particular, one has Γ(n+1)−Γ(n+1, 1) = n!− ⌊en!⌋e and limn→∞ Γ(n+ 1, x)− Γ(n+ 1, 1) = 0
for x ≥ 0. Combined with the expressions before we conclude that
sup
x∈K
∣∣∣∣h(x) −
∫ ∞
0
e−thn(x+ t) dt
∣∣∣∣→ 0 (n→∞),
for each compact K ⊆ R, which in fact shows that hn
τ−1
→ g. Furthermore, by construction one
has that supn∈N ‖hn‖ <∞ and hence we may conclude that g ∈ X−1,+, showing that B is in fact
a positive operator. In order to apply Theorem 3.1 we have to show that R(λ,A−1)B is local and
r (R(λ,A−1)B) < 1. Observe that by construction one has that
R(1, A−1)Bf = R(1, A−1)Φ(f)g = Φ(f)R(1, A−1)g = Φ(f)h.
By the regularity of µ we find for ε > 0 arbitrary a compact set K ′ ⊆ R such that |µ| (R \K) < ε.
Hence
|R(1, A−1)Bf(x)| = |Φ(f)h(x)|
=
∣∣∣∣
∫
R
f(y) dµ(y) · h(x)
∣∣∣∣
≤
∫
R
|f(y)| d |µ| (y) · |h(x)|
=
(∫
K′
|f(y)| d |µ| (y) +
∫
R\K′
|f(y)| d |µ| (y)
)
· ‖h‖
≤
(
|µ| (K ′) sup
x∈K′
|f(x)|+ ε ‖f‖
)
· ‖h‖ ,
showing that R(1, A−1)B is indeed local. On the other hand
|R(1, A−1)Bf(x)| = |Φ(f)h(x)| ≤ |µ| (R) ‖f‖ ‖h‖ ,
showing that ‖R(1, A−1)B‖ < 1 if |µ| (R) < 1. Hence Theorem 3.1 apply and we may conclude
that A−1 +B generates a positive semigroup.
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